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Bulk-boundary correspondence, connecting the bulk topology and the edge states, is an essential principle of
the topological phases. However, the bulk-boundary correspondence is broken down in general non-Hermitian
systems. In this paper, we construct one-dimensional non-Hermitian Su-Schrieffer-Heeger model with periodic
driving that exhibits non-Hermitian skin effect: all the eigenstates are localized at the boundary of the systems,
whether the bulk states or the zero and the π modes. To capture the topological properties, the non-Bloch
winding numbers are defined by the non-Bloch periodized evolution operators based on the generalized Brillouin
zone. Furthermore, the non-Hermitian bulk-boundary correspondence is established: the non-Bloch winding
numbers (W0,π) characterize the edge states with quasienergies ǫ = 0, π. In our non-Hermitian system, a novel
phenomenon can emerge that the robust edge states can appear even when the Floquet bands are topological
trivial with zero non-Bloch Chern number. We also show that the relation between the non-Bloch winding
numbers and the Chern number of the Floquet bands: C = W0 − Wπ.
Topological materials have robust topological edge states
and can be characterized by the bulk topological invariants
which is defined in terms of the Bloch Hamiltonian on Bril-
louin zone(BZ) [1–7]. The topological surface states are con-
nected with the bulk topological classification by the bulk-
boundary correspondence[5–8], an essential principle of the
topological phases.
Recently, non-Hermitian systems, described by the non-
Hermitian Hamiltonian, have been attracting much attention
in many fields of physics [9–59]. In particular, the con-
ventional bulk-boundary correspondence is broken in general
non-Hermitian systems, which exhibits the non-Hermitian
skin effect [23, 24, 60–73]. The wave functions of the non-
Hermitian systems with open boundary condition(OBC) do
not extend over the bulk but are localized at the boundaries,
contrast to the Hermitian systems. To depict the topological
properties of the non-Hermitian systems, the BZ should be
extended into the generalized Brillouin zone(GBZ) in com-
plex plane [23–25, 74–82]. The deviation between the GBZ
and the BZ results in the non-Hermitian skin effect and the
breakdown of the Bloch bulk-boundary correspondence[23–
26, 74–78]. The universal topological invariants are defined
by the non-Bloch Hamiltonian based on GBZ. The non-Bloch
topological invariants capture the topological properties of
the non-Hermitian systems like the robust topological edge
modes[23, 24, 75], the unidirectional edge motion[24, 80, 83]
and so on. Thus, the non-Hermitian bulk-boundary corre-
spondence is well defined for general non-Hermitian sys-
tems and has been experimentally observed in photons[25],
metamaterials[53, 84, 85].
In addition, periodic driving offers a new fruitful platform
for creating topological phenomena with high tunability, even
to create the fundamentally new topological states without
static counterparts[86–100]. For instance, the robust topologi-
cal edgemodes can appear at the boundary of the systems even
though all the Chern numbers of the bulk bands are zero. Due
to the periodicity in time, there exist two types of robust topo-
logical edge modes: zero modes and π modes, which also has
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no static counterpart[88, 90]. In this paper, we interplay the
non-Hermiticity and the periodic driving in one-dimensional
Su-Schrieffer-Heeger(SSH) model by constructing the non-
Bloch topological invariants in GBZ [23, 25, 101]. First, the
frequency-domain quasienergy spectra are given both in the
OBC and the periodic boundary condition(PBC). There is a
sharp difference between the spectra in the two conditions.
We find that the periodic driving induces two types of topo-
logical edge modes with quasienergies ǫ = 0 and ǫ = π
in OBC. The robust edge modes cannot be predicted by the
winding number defined on BZ. To capture the robust topolog-
ical edge modes, we construct the non-Bloch winding num-
bers defined in terms of the non-Bloch periodized evolution
operators based on GBZ. The non-Bloch winding numbers
exactly predict the zero modes and the π modes. Then, the
non-Hermitian bulk-boundary correspondence is established
for the non-Hermitian system with periodic driving. Sec-
ondly, we give the two equivalent definitions of non-Bloch
Chern numbers of the Floquet bands defined in terms of the
frequency-domain and the effective Hamiltonian on GBZ. We
find that the robust edge modes can appear when the Floquet
bands are topological trivial with zero non-Bloch Chern num-
ber. Lastly, we show that the deviation between the GBZ and
BZ induces the non-Hermitian skin effect: all the eigenstates
are localized at the boundaries of the system, whether the bulk
states or the topological zero and π modes. We also give the
phase diagram of the system by the non-Bloch band theory
and the spectra of Floquet Hamiltonian in OBC.
Non-Hermitian Bloch Hamiltonian.– We consider a non-
Hermitian SSH model[23] with periodic driving. The Bloch
Hamiltonian can be written as following:
H(k, t) = [dx + λ cos(ωt)]σx + [dy + iγ]σy, (1)
where dx = t1 + t2 cos(k), dy = t2 sin(k) and σx,y are the
Pauli matrices. γ and λ are the strengths of non-Hermitian
and periodic driving respectively. The Hamiltonian has a
chiral symmetry[3] σzH(k, t)σz = −H(k,−t) and periodicity
H(k, t) = H(k, t + T ) with periodic time T = 2π/ω. The chiral
symmetry ensures the quasienergies appear in (E,−E) pairs.
Non-Hermitian Bulk-Boundary Correspondence.– For sim-
plicity, we numerical calculate the quasienergy spectra of the
2π
0
|ǫ|
(a)
-1.5 -1 -0.5 0 0.5 1 1.5
-1
0
1
W
0(π
)
t1
(b)
W0
W
π
-1 0 1
-1
0
1
Re[β]
Im
[β
]
 C
β
BZ
(c)
-1 0 1
-1
0
1
Re[β]
Im
[β
]
 C
β
BZ
(d)
-1 0 1
-1
0
1
Re[β]
Im
[β
]
 C
β
BZ
(e)
-1.2 0 1.2
-1.2
0
1.2
Re[β]
Im
[β
]
(f)
 C
β
BZ
FIG. 1. Non-Hermitian Bulk-Boundary Correspondence for Edge States with quasienergies ǫ = 0, π: (a) Quasienergy spectrum in open-
boundary condition and (b) non-Bloch winding numbers with the parameters: t2 = 1, γ = 0.2, λ = 0.5 and ω = 3. (c)-(f) The generalized
Brillouin zone of the four marked topological different phases in (b) determined by non-Bloch Floquet Hamiltonian (solid) and non-Bloch
effective Hamiltonian (dotted). The values of the parameters are (c) t1 = 0.3, (d) t1 = 0.75, (e)t1 = 1.3 and (f) t1 = −0.75. The Brillouin zone
is a unit circle (dashed). The non-Bloch winding numbers W0,π, defined on the generalized Brillouin zone, characterize the zero and π modes
in OBC.
non-Hermitian Hamiltonian by the frequency-domain formu-
lation. Let us start from the time-dependent Schro¨dinger equa-
tion for the Floquet state in band n:
i∂t
∣∣∣ψn,R(k, t)〉 = H(k, t) ∣∣∣ψn,R(k, t)〉 , (2)
and take the Floquet theorem and the Fourier trans-
formation to the frequency domain,
∣∣∣ψn,R(k, t)〉 =
exp[−iεn(k)t]
∑
m exp(imωt)
∣∣∣ψm
n,R
(k)
〉
, where εn is the
quasienergy and
∣∣∣ψm
n,R
(k)
〉
is right wave vector. In frequency
domain framework, the Schro¨dinger equation becomes∑
m′
Hm,m′(k)
∣∣∣ψm′n,R(k)〉 = εn(k) ∣∣∣ψmn,R(k)〉 , (3)
with the Floquet HamiltonianHm,m′(k) = mωδm,m′I+Hm−m′ (k)
and Hm(k) =
1
T
∫ T
0
dtH(k, t)exp(−imωt). To be more explicit,
the Floquet Hamiltonian reads
H =

...
H0 + ω H1 0
H−1 H0 H1
0 H−1 H0 − ω
...

, (4)
here, H0 = dxσx+[dy+iγ]σy and H±1 =
λ
2
σx. The eigenvalues
of the Floquet Hamiltonian are the quasienergies of the non-
Hermitian system. The quasienergies are paired with (E,−E)
for the chiral symmetry C−1HC = −H , where C takes the
block off-diagonal form:
C =

...
σz
σz
σz
...

. (5)
To show the quasienergy of the Floquet HamiltonianH(k),
we need to make a truncation on the Floquet Hamilto-
nian for its infinite rank. Fig.1(a) shows the dimensionless
quasienergy ǫ = εT of Floquet Hamiltonian as functions of
t1 in OBC with t2 = 1, γ = 0.2, λ = 0.5 and ω = 3.
In the presence of periodic driving, unconventional gap can
emerge around quasienergy ǫ = π, which enables the sta-
bility of robust nontrivial π modes. Thus, two topological
different types of the nontrivial edge modes can exist at the
two separated gaps with quasienergies ǫ = 0, π. This phe-
nomena seeming the same as the cases of Hermitian systems,
while they are utterly different in topological characterizing
and non-Hermitian skin effect. In the non-Hermitian systems,
the two types of robust edge modes can be characterized by
the topological invariants not rely on the Bloch band theory
like the Hermitian cases, but on the non-Bloch band theory
in generally. Fig.1(b) shows the non-Bloch winding numbers
W0,π as functions of t1, which are defined in terms of non-
Bloch periodized evolution operators based on GBZ Cβ and
can exactly characterize the numbers of the two robust topo-
logical different edge modes.
Generalized Brillouin Zone and Non-Bloch Winding
Numbers.– The precise description of the non-Hermitian sys-
tems relies on the non-Bloch band theory based on the GBZ.
To determine the GBZ, we rewrite the Bloch Floquet Hamilto-
nian H(k) in terms of β = eik as non-Bloch Floquet Hamilto-
nian H(β). Then, the eigenvalue equation det[H(β) − E] = 0
is an algebraic equation for β with even degree. Due to 2π
modules of the quasienergies ǫ, we constrain the quasienergy
in one period such as ǫ ∈ [−π, π]. The solutions are numbered
as βi(i = 1, 2, ..., 2N) and satisfy |β1| ≤ |β2| ≤ ... ≤ |β2N |. Thus,
the GBZ Cβ can be determined by the trajectory of βN and
3βN+1 with |βN | = |βN+1|[23, 25, 75] as shown in Fig.1(c)-(f)
for four marked points in Fig.1(b) with t1 = 0.3, 0.75, 1.3 and
−0.75. GBZ, always deviates from BZ in general, is smaller
than BZ for Fig.1(c)-(e) and larger than BZ for Fig.1(f).
The non-Bloch time-evolution operator U(β, t) can be got
by rewriting the Bloch Hamiltonian H(k, t) and is defined as
U(β, t) = T exp
[
−i
∫ t
0
dt′H(β, t′)
]
, (6)
where T is the time-ordering operator. The non-Bloch
time-evolution operator satisfies the differential equation
i∂tU(β, t) = H(β, t)U(β, t). For one period, the non-Bloch
Floquet operator U(β, T ) can be expanded as U(β, T ) =∑
n λn(β)|ψn,R(β)〉〈ψn,L(β)|. When there is a gap in the spec-
trum of the non-Bloch Floquet operator around e−iǫ , we can
define an unambiguous non-Bloch effective Hamiltonian as
Hǫeff(β) =
i
T
ln−ǫU(β, T ). (7)
The subscript ǫ has been introduced as the branch cut which
plays an essential ingredient in the construction of topological
invariants for non-Bloch Floquet systems. We take lnǫ e
iφ
= iφ
for ǫ−2π < φ < ǫ. Then, the effective Hamiltonian breaks the
chiral symmetry with σzH
ǫ
eff
(β)σz = −H
−ǫ
eff
(β) + ω and can be
rewritten as Hǫ
eff
(β) = i
T
∑
n ln−ǫ (λn(β)) |ψn,R(β)〉〈ψn,L(β)|. The
effective Hamiltonian only captures the stroboscopic evolu-
tion at the quasienergy of ǫ and lost the information of time-
evolution within each period. So, the non-Bloch topological
invariants are defined by the non-Bloch periodized evolution
operator, which can be written as following:
Uǫ(β, t) = U(β, t)exp
[
iHǫeff(β)t
]
, (8)
with periodicity Uǫ (β, t+T ) = Uǫ(β, t). As for the chiral sym-
metry of the non-Bloch Hamiltonian, non-Bloch periodized
evolution operator has the chiral symmetry only at half-period
with quasienergy ǫ = 0, π:
σzU0(β, T/2)σz = −U0(β, T/2),
σzUπ(β, T/2)σz = +Uπ(β, T/2). (9)
Therefore, U0(β, T/2) and Uπ(β, T/2) are off-diagonal and di-
agonal respectively, which can be written as following:
U0(β, T/2) =
(
0 U+
0
(β)
U−
0
(β) 0
)
, (10)
Uπ(β, T/2) =
(
U+π (β) 0
0 U−π (β)
)
. (11)
Then, the non-Bloch winding numbers of Yao-Wang for-
mula can be written as following[23, 25]:
Wǫ=0,π =
i
2π
∫
Cβ
Tr
[(
U+ǫ (β)
)−1
dU+ǫ (β)
]
, (12)
which characterize the numbers of the Floquet zero and π
modes at the quasienergies of ǫ = 0, π as shown in Fig.1(b).
Therefore, we construct the non-Hermitian bulk-boundary
correspondence that the robust topological nontrivial zero and
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FIG. 2. (a)-(d) show the loops of R′
+
(β) (red) and R′−(β) (blue) on the
complex plane along the generalized Brillouin zone Cβ of Fig.1(c)-
(f), respectively.
πmodes are characterized by the non-Bloch winding numbers
(Wǫ=0,π).
Non-Bloch Chern Number of Floquet Bands.– With the
help of the Floquet operator U(β, T ), we can define the non-
Bloch Chern number for the Floquet bands [90, 93]:
C(P0,π) =
i
2π
∫
Cβ
Tr
[
P0,π(β)dP0,π(β)
]
. (13)
in which P0,π(β) =
∑
0<ǫn<π
|ψn,R(β)〉〈ψn,L(β)| is the projection
operator of the Floquet bands with dimensionless quasienergy
ǫn = arg
(
λ−1n (β)
)
. We also can give the non-Bloch Chern
number of the Floquet bands easily and intuitively. For sin-
gle resonance case, the non-Bloch effective Hamiltonian can
be derived from the Floquet Hamiltonian:
Heff(β) = R
′
+
(β)σ+ + R
′
−(β)σ−, (14)
with R′±(β) =
[
1 − ω
2dβ
∓
λ[R+(β)−R−(β)]
4d2
β
]
R±(β), R±(β) = t1 ± γ +
t2β
∓ and dβ =
√
R+(β)R−(β). The GBZ Cβ can be derived by
the eigenvalue equation E2 = R
′
+
(β)R
′
−(β) [23, 75], which is
consistent with the one derived from the above non-Bloch Flo-
quet Hamiltonian as shown in Fig.1(c)-(f). The GBZs are de-
termined by non-Bloch Floquet Hamiltonian (solid) and non-
Bloch effective Hamiltonian (dotted) for the four topological
different phases. The two curves coincide with each other.
Due to the chiral symmetry of the effective Hamiltonian
σzHeff(β)σz = −Heff(β), the generalized ’Q matrix’ Q(β) is
given by
Q(β) =
1√
R′+(β)R
′
−(β)
(
0 R′
+
(β)
R′−(β) 0
)
. (15)
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FIG. 3. Non-Hermitian Skin Effect of Floquet System. (a)-(d) The quasienergy spectra under periodic boundary condition (black) and open
boundary condition (red) of the four topological different phases in Fig.1(b). The values of the parameters are ω = 3 (a) t1 = 0.3, (b) t1 = 0.75,
(c)t1 = 1.3 and (d) t1 = −0.75. (e)-(h) The bulk eigenstates and the zero (red) and π (blue) modes of the Floquet Hamiltonian in open boundary
condition for (a)-(d), respectively.
Thus, we obtain q = R′
+
(β)/
√
R′+(β)R
′
−(β) and have the Yao-
Wang formula of the non-Bloch Chern number[23, 75] for
Floquet bands as:
C =
i
2π
∫
Cβ
dq q−1(β)
= −
1
4π
[
argR′
+
(β) − argR′−(β)
]
Cβ
. (16)
The non-Bloch Chern numbers of the Floquet bands are de-
termined by the changes of the phases of R′±(β) when β goes
along GBZCβ in the counterclockwiseway. Fig.2(a)-(d) show
the loops of R′
+
(β) (red) and R′−(β) (blue) on the R
′ plane
along the GBZ of Fig.1 (c)-(f) in the counterclockwise way.
Thus, the non-Bloch Chern numbers of the Floquet bands are
1, 0,−1 and 2 for Fig.2(a)-(d). Fig.2(b) shows that the origi-
nal point is not encircled by R′
+
(β) and R′−(β), which indicates
that the Floquet band is topological trivial (C = 0). While, the
phase is topological nontrivial with nonzero non-Bloch wind-
ing numbers (W0,π = 1) and has topological robust zero and
π modes. Thus, the non-Bloch Chern number only character-
izes the topological properties of the Floquet bands and can-
not characterize the robust topological edge modes. This is
due to the Floquet operator also lost the information of time-
evolution within each period. Fig.2(d) shows that both of the
R′
+
(β) and R′−(β) wind the origin point twice but in the opposite
direction. The non-Bloch Chern number of the Floquet band
is 2 with nontrivial non-Bloch winding numbers W0 = 1 and
Wπ = −1. Certainly, the relation between the non-Blochwind-
ing numbers and the non-Bloch Chern number of the Floquet
bands is W0−Wπ = C(P0,π) (refer to SupplementalMaterials).
The non-Bloch winding numbers are more fundamental than
the non-Bloch Chern number of the Floquet bands.
Non-Hermitian Skin Effect.– We have shown that the GBZs
deviate from the BZ in Fig.1. Undoubtedly, the devia-
tion induces not only the above breakdown of Bloch bulk-
boundary correspondence but the non-Hermitian skin effect,
which is another significantly different from Hermitian sys-
tems. Fig.3(a)-(d) show the quasienergy spectra of the Floquet
Hamiltonian in OBC(red) and PBC(black) for the four topo-
logical different phases in Fig.1(b). The quasienergy spectra
of the Floquet Hamiltonian have essential difference between
the OBC and PBC, which is also induced by the deviation be-
tween the GBZ and BZ. Certainly, Floquet HamiltonianH(β)
can undoubtedly give the quasienergy spectra with OBC and
PBC in Fig.3(a)-(d) along the GBZ Cβ and the BZ in Fig.1(c)-
(f), respectively. This essential difference indicates the emer-
gence of the non-Hermitian skin effect as shown in Fig.3(e)-
(h). Fig.3(e)-(h) show the eigenstates of the Floquet Hamil-
tonian in OBC with lattice size L = 60. All the eigenstates
of the non-Hermitian system are localized at the ends, which
is called non-Hermitian skin effect. When β is smaller than
1, the correspond eigenstate is localized at the left end of the
system, Otherwise, the eigenstate is localized at the right end
of the system[76]. Accordingly, the eigenstates of the system
are localized at the left ends for (e)-(g) and right ends for (h),
whether the eigenstates of bulk bands or the two topological
different edge modes. This coincides with the non-Hermitian
systems without periodic driving[23].
The Phase diagram.– Based on the quasienergies of Flo-
quet Hamiltonian in OBC and the non-Bloch band theory, we
can draw the phase diagram on the T − t1 plane with t2 = 1,
γ = 0.2 and λ = 0.5 as shown in Fig.4. For weak driving case,
the phase boundaries are approximated as t1 = ±
√
t2
2
+ γ2
50 1 2 3
0
1
2 (1,1)
(0,0)
(0,1)
(0,0)
T
t1
(1,0)
FIG. 4. The Phase Diagram on the T − t1 plane: The phase dia-
gram is determined by the non-Bloch band theory (dashed) and the
quasienergy of Floquet Hamiltonian (solid) with t2 = 1, γ = 0.2
and λ = 0.5. The shaded region represents that the non-Bloch
winding number is not well-defined for the gapless quasienergy.
Four topological different phases with non-Bloch winding numbers:
(W0,Wπ) = (1, 0), (0, 0), (0, 1) and (1, 1). For t1 < 0, only Wπ changes
the sign.
and ω = 2
∣∣∣∣∣t2 ±
√∣∣∣t2
1
− γ2
∣∣∣
∣∣∣∣∣, which can be determined by the
changing of the non-Bloch Chern number. In the phase dia-
gram, there are four topological different phases: (i) only hav-
ing zero modes (1, 0), (ii) having any edge modes (0, 0), (iii)
only having π modes (0, 1) and (iv) having both zero and π
modes (1, 1). The Floquet bands are not isolated in the shaded
region, where the topological invariants are not well defined.
Conclusion:— We investigated the topological properties
of the non-Hermitian Su-Schrieffer-Heeger model with peri-
odic driving which exhibits non-Hermitian skin effect: all the
eigenstates are localized at the edges. We found that there are
two types of robust edge-modes with quasienergies ǫ = 0, π.
The topology of the edge modes cannot be characterized by
the winding number defined on the Brillouin zone. There-
fore, we established the non-Hermitian bulk-boundary corre-
spondence: the robust edge-modes can be characterized by
the non-Bloch winding numbers defined by the non-Bloch
Floquet operators on generalized Brillouin zone. The non-
Hermitian bulk-boundary correspondence connects the bulk
topology and the robust topological edge-modes. In our sys-
tem, we found the robust edge modes can appear when the
Floquet bands are topological trivial with zero non-Bloch
Chern number.
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Symmetry:— The chiral symmetry of the non-Bloch Hamil-
tonian:
σzH(β, t)σz = −H(β,−t). (17)
The non-Bloch evolution operator:
σzU(β, t)σz
= σzT
[
e−i
∫ t
0
dt′H(β,t′)
]
σz
= σz
[
e−i∆tH(β,t) · · · e−i∆tH(β,∆t)
]
σz
= σz[1 − i∆tH(β, t)]σz · · ·σ
−1
z [1 − i∆tH(β,∆t)]σz
= [1 + i∆tH(β,−t)] · · · [1 + i∆tH(β,−∆t)]
= {[1 − i∆tH(β,−∆t)] · · · [1 − i∆tH(β,−t)]}−1
= U−1(β, t) = U(β,−t) (18)
The effective non-Bloch Hamiltonian:
σzH
ǫ
eff(β)σz
=
i
T
ln−ǫ
[
σzU(β, T )σz
]
=
i
T
ln−ǫ
[
U−1(β, T )
]
=
i
T
∑
n
ln−ǫ
(
λ−1n
)
|ψn,R(β)〉〈ψn,L(β)|
=
i
T
∑
n
[− ln−ǫ (λn) − 2πi] |ψn,R(β)〉〈ψn,L(β)|
= −H−ǫeff (β) + ω (19)
The non-Bloch periodized evolution operator:
σzUǫ (β, t)σz
= σzU(β, t)σzσzexp
[
iHǫeff(β)t
]
σz
= U(β,−t)exp
[
iσzH
ǫ
eff(β)σzt
]
= U(β,−t)exp
[
−iH−ǫeff (β)t + iωt
]
= U−ǫ(β,−t)exp [iωt] . (20)
For ǫ = 0, π, we have
σzU0
(
β,
T
2
)
σz = −U0
(
β,
T
2
)
, (21)
σzUπ
(
β,
T
2
)
σz = +Uπ
(
β,
T
2
)
. (22)
Then, U0,π takes the following forms:
U0(β, T/2) =
(
0 U+
0
(β)
U−
0
(β) 0
)
, (23)
Uπ(β, T/2) =
(
U+π (β) 0
0 U−π (β)
)
. (24)
Then,
U−1π
(
T
2
)
U0
(
T
2
)
=
(
0
[
U+π
]−1
U+
0[
U−π
]−1
U−π 0
)
. (25)
Relationship between the non-Bloch winding numbers and
non-Bloch Chern number of Floquet band:— We prove the
relation between the non-Bloch winding numbers and the
the non-Bloch Chern number of the Flqouet band C(P0,π) =
W
[
U0
(
β, T
2
)]
−W
[
Uπ
(
β, T
2
)]
in the main text. The difference
between the two non-Bloch effective Hamiltonian is:
Hπeff(β) − H
0
eff(β)
=
i
T
ln−πU(β, T ) −
i
T
ln0U(β, T )
=
i
T
∑
n
[ln−π (λn) − ln0 (λn)] |ψn,R(β)〉〈ψn,L(β)|
=
i
T

∑
−π<ǫn<0
+
∑
0<ǫn<π

[
ln−π
(
e−iǫn
)
− ln0
(
e−iǫn
)]
|ψn,R(β)〉〈ψn,L(β)|
=
i
T
∑
0<ǫn<π
[−iǫn − 2πi + iǫn] |ψn,R(β)〉〈ψn,L(β)|
=
2π
T
∑
0<ǫn<π
|ψn,R(β)〉〈ψn,L(β)|
= ωP0,π(β). (26)
The non-Bloch periodized evolution operator at half period:
U−1π
(
β,
T
2
)
U0
(
β,
T
2
)
= exp
[
−iHπeff(β)
T
2
]
U(β,−
T
2
)U(β,
T
2
)exp
[
iH0eff(β)
T
2
]
= exp
(
−iπP0,π
)
= 1 − 2P0,π
= Q(β). (27)
For the winding number, there is additive property:
W
[
U−1π
(
β,
T
2
)
U0
(
β,
T
2
)]
= W
[
U0
(
β,
T
2
)]
− W
[
Uπ
(
β,
T
2
)]
.
Therefore, the relationship between the non-Bloch winding
number and the non-Bloch Chern number can be written as
following:
W
[
U0
(
β,
T
2
)]
− W
[
Uπ
(
β,
T
2
)]
= C(P0,π). (28)
Topological Phase Boundaries Based on the Effective
Hamiltonian:- The non-Bloch effective Hamiltonian is de-
fined by the non-Bloch Floquet operator:
Heff(β) =
i
T
lnU(β, T ),
= H0(β) +
∑
n,0
[H0, Hn]
nω
+
∑
n>0
[Hn, H−n]
nω
. (29)
Here, H0(β) = R+(β)σ+ + R−(β)σ− and H±1(β) =
λ
2
σx with
R±(β) = t1 ± γ + t2β
∓.
For high frequency case (ω > Λ, Λ is the bandwidth of
H0), the effective Hamiltonian is not effected by the periodic
driving and can be written as Heff(β) = R
′
+
(β)σ+ + R
′
−(β)σ−
with R′±(β) = R±(β). The generalized Brilouin zone is a circle
Cβ =
√∣∣∣∣ t1−γt1+γ
∣∣∣∣eiθ with θ = [0, 2π).
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FIG. 5. Non-Bloch winding numbers W0 and Wπ as functions of the
GBZ size (Nβ) for t1 = −0.75(solid) and t1 = 1.3(dotted), with t2 = 1,
γ = 0.2, λ = 0.5, ω = 3. Increasing the size, the non-Bloch winding
numbers quickly approach into an integer.
For low frequency case (ω < Λ), the drive cre-
ates a single resonance between the two continuum bands
of H0. Therefore, the non-Bloch effective Hamilto-
nian Heff(β) is defined by the rotated Floquet operator
U(β, T ) = T exp
[
−i
∫ T
0
dt Hrot(β, t)
]
. The rotated Hamilto-
nian Hrot(β, t) can be deduced by applying a rotation Oˆ(β, t) =
exp
[
−idˆβ · σωt/2
]
to the non-Bloch Hamiltonian H(β, t) with
dˆβ = dβ/dβ with dβ =
√
d2x + d
2
y . Then, the non-Bloch effec-
tive Hamiltonian Heff(β) can be rewritten as following:
Heff(β) = R
′
+
(β)σ+ + R
′
−(β)σ−, (30)
with
R′±(β) =
1 − ω2dβ ∓
λ[R+(β) − R−(β)]
4d2
β
R±(β). (31)
For weak driving, the formula of R′ can be rewritten as
R′±(β) ≃
[
1 −
ω
2dβ
]
R±(β). (32)
Then, the generalized Brilouin zone can be determined and
written as
Cβ =
√∣∣∣∣∣ t1 − γt1 + γ
∣∣∣∣∣eiθ, (33)
with θ = [0, 2π).
The gap closing equation can be derived directly:
R+(β)R−(β) = 0 and ω = 2dβ.
Thus, the topological phase boundaries can be written as
following:
t1 = ±
√
t2
2
+ γ2 (34)
ω = 2
∣∣∣∣∣t2 ±
√∣∣∣t2
1
− γ2
∣∣∣
∣∣∣∣∣ . (35)
